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Making the hyper-Kahler structure of N=2 quantum string manifest
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We show that the Lorentz covariant formulation Wf=2 string in a curved space reveals an explicit
hyper-Kanler structure. Apart from the metric, the superconformal currents couple to a background two-form.
By superconformal symmetry the latter is constrained to be holomorphic and covariantly constant and allows
one to construct three complex structures obeyirigseuddquaternion algebra.
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[. INTRODUCTION that the criticalN=2 string can be embedded in a more
universalN =4 topological string framework. As there are no
One of the fascinating features of two-dimensional superN=2 ghosts arounfil4], N=2 string scattering amplitudes
conformal symmetry is that it relates string theory and ge<an be reproduced in a much simpler way. Moreover,Nhe
ometry. Consistent backgrounds where string theory may=4 topological prescription allows one to prove the vanish-
propagate are identified with low lying string states either bying theorems to all orders in perturbation theory, which oth-
analyzing one-loop divergences of the corresponding strin§rwise are extremely difficult to demonstrafel —16. For a
theory effective actiofil—3], or evaluating operator product 'elated work see Ref$17,18. Some recent applications are
expansions of superconformal currents in a curved spice  discussed in Ref.19].

or studying renormalization of the trace of the stress-energy Another appealing point concerning the=4 formalism
tensor[5]. Is that it allows one to keep manifeStO(2,2) Lorentz in-

With the number of world-sheet supersymmetries grOW_variance, at least at the level of classical considerations. As

- . : he global automorphism group of a smBlE=4 supercon-
ing, one reveals more refined geometrical structures. In paF— . .
ticular, N=2 superconformal symmetry requires a Ricci-flatformal algebra isSU(1,1)X SU(1,1)’' ~SQ(2,2), the corre-

Kahler space as a consistent backgro[®idvhich correlates spon_dmg _strlng theory action functional is manifestly Lor
. . . : entz invarianf 20]. It should be remembered, however, that
well with the sigma model analysis of R¢¥]. Notice, how- ) .
. : . the classical Lorentz symmetry holds at the price of the func-
ever, that if one is concerned with superconformal algebraﬁonal dependence of the currents providing a representation
admitting unitary representations, the restricthds 4 on the P P 9 P

number of fermionic currents hold8]. On the sigma model of Ithe_N|:4 aIge_br_a[Zl,fZZ. In the ql_uantum thec_er_ the ;O'
side the same bound follows from the requirement that ological prescription of Re{14] relies upon twisting the

target manifold is ireduciblé7], =2 algebra by théJ(1) current which amounts to choos-

: : o _ ing a specific complex structure in the twistor space of all
String theory mcorpora:ungl 2 superconf(.)rmall .sym_me complex structure$ thus reducingSO(2,2) to U(1,1) and
try has the central charge=2 and, hence, is critical in @ rgproducing the earlier results of Rdfl1]. Alternatively,

space of ultrahyperbolic signature (—,+,+) orinafour-  \orking within the framework of the old covariant quantiza-
dimensional Euclidean space. Possessing intrinsic compleysn one discovers that the Lorentz invariance of the boson
structure it breaks manife§t((2,2) Lorentz invariancéfor  emission vertex proves to be incompatible with the causality

reviews see, e.g., Ref9,10). As was demonstrated in Ref. anq cyclic symmetry of tree level scattering amplituf2a),
[11], at the tree level the quantum dynamics\of- 2 string®  thys reproducing, once again, the result of Ooguri and Vafa
is governed by the Plebanski equatipt?] and the only _
quantum state in the spectrum can be identified with the Ag\was mentioned above, the closee 2 string requires
Kahler potential of a Ricci-flat Kaler metric(self-dual grav- 5 Ricci-flat Kaler space as a consistent background. It is
ity). R well known that in four dimensions the Ricci flatness of a
In fact, anyN=2 superconformal theory witk=2 re-  Kahler manifold implies the hyper-Kder structure. Exhibit-
veals a higheN=4 symmetry as the spectral flow operator ing one complex structure in an explicit form the conven-
and its inverse can be taken to be the raising and loweringonal formulation ofN=2 string seems to hide two more
operators of thesu(1,1) subalgebra of a small=4 super- complex structures. It is the purpose of this paper to make
conformal algebréfor details see, e.g., Rdfl3]). Using this  the hyper-Kaler structure intrinsic tdN=2 quantum string
observation Berkovits and Vafa demonstrated in R&#]  in a curved space manifest. Making recourse to the equiva-
lent N=4 topological formalism we demonstrate that, apart
from a background metric, the superconformal currents
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*Electronic address: latini@Inf.infn.it 2In addition, special care is to be taken of the instanton contribu-
Throughout the paper we discuss the closed string case. tion to the partition function of thé&l=4 topological theonyf14].
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couple to a background two-form. By superconformal sym-assume periodic boundary conditions for the bosonic fields.
metry the latter is constrained to be holomorphic and covaFor the fermions one can choose th8representation due to
riantly constant and allows one to construct the missing comthe spectral flow24].
plex structures in an explicit form, thus demonstrating the Cancellation of the conformal anomaly in the quantum
advantage of working within the framework of thié=4 theory requires a target space of two complex dimensions.
formalism. Depending on the choice of the original flat metds®
The organization of the work is as follows. In the next = ;, —dx2% dx?, in real coordinates one reveals either a four-
section we examine a sma&ll=4 superconformal algebra in dimensional Euclidean space or a space of ultrahyperbolic
a curved space at the classical level. A generalization of thgignature. In this paper we stick to the latter option and
Poisson pra_cket which is cpl_”npat[ple vy|th Fhe minimal 'nter('jhenceforward puty,z=diag(—,+), a,a=0,1.
action criterion and Jacobi identities is given. Backgroun . . L TR
Passing to a curved spadavith metric g""(x,x)], first

fields which allow one to construct a representation of the has 1o decide which bracket t A bracket which
N=4 superconformal algebra in a curved space include gne has 1o decide which bracket 1o use. racket whic

Hermitian metric and a background two-form. We then show/€SPects Jacqbi ﬁdentities and is compatible Wi.th the minimal
that the algebra closes under the Poisson bracket, providé reraction cntenqn can be constructed by going to a larger
the background two-form is holomorphic and covariantly P"aS€ Space which involves two canonical paifs, {ry),
constant. Three complex structures obeying a(¥",m,) and imposing there two second class constraints
(pseudaquaternion algebra are given in an explicit form. In

Sec. Il we extend our analysis to the quantum theory and

i - i

NN —— —1 Ny ——
construct a representation of the snidi4 superconformal Tt 2 $'9n=0, 7ot 2‘/’ 9nn=0. )
algebra in a curved space at the tree level. We summarize our
results in the concluding Sec. IV. These remove the auxiliary fieldsr(,) and leave one

with the Dirac bracket
Il. CLASSICAL CONSIDERATIONS

N 1 — sN o
Our classical analysis begins with the simplest represen- D), pu(a)} =8 ol =a7),

tation ofd=2, N=4 superconformal algebra in a flat space _ _
= = {¢(0), 4" (0" )}=ig"8(0—0"),
T=3(pp 7™+ 91x*) (Pt 91X 755) B
i — {pn(0), ¥™(o")} = 3P N0 S (o— o),
_E(lﬂaallﬂa"' PrI1Y*) Maa, - - B
— _ {pn(0),¥™(0")} = 3 Y angs@™ (o~ o),
G=(Po7°*+ 31X*) Y 1aa, |
G= (P 7™+ 0x®) Pz, {pn(o).pu(o")}= Izt//klﬁkgssa[Ngkz&M]g@(o— a'),
4

H=( DE??ba+ (71Xa) ‘[/cfam _
where N is a collective index for if,n) and A;NBy;

ﬁ:(pbn§b+ ﬂlxg) (/,?Eg, =1(A\By—AuBy). Because theN=4 algebra in a flat
space is essentially complex it seems natural to preserve the
J= l/fglﬂaﬂagz 0, JW=yryte,., ID= wgl//?eg_ complex structure when switching an external field on. Thus,

) we take the background metric to be Hermitigf,=9nm

=0, (9nm)”* =Ymn-
This is constructed on a phase space spanned by a complex Then one has to couple the generators to background
bosonx?3(7,0), the conjugate momentum,(7,0), and a fields. Taking into account commutation relations character-
self-conjugate complex fermiog?(7,0). We use the ordi- izing theN=4 superconformal algebr@e use the notation

nary Poisson bracket in Ref.[23)) it suffices to fixG,G and theR-symmetry gen-
eratorsJ,J™M J3),
{x%(a),pc(0")}=6%(a—0a"), Assuming the coupling to be minimald{y"—V, 4"
=d "+ &axprnpslﬁs)

{X*(0),pelo”)}= 880 —a"),
i —
c e _m sk —
{’pa(o')a‘//c(a',)}zi770a5(0'_0',), (2) Pn—Pnt 29/’ T nsgkm—Hna
and conjugate on the cylinder as®f* —x2, (pH* = zﬂ;_ In
the equation above,. is the Levi-Civita antisymmetric ten-  *Our convention is to use, b, ¢ indices for the flat case aridn,

SOf €= — €cay €01= — 1, (€a0)* = €ac, @andd;=d/do. We  mones in the presence of a nonvanishing curvature.
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of SU(1,1) which implies a pseudo-hyper-Klar space. In-

Ph—Pn— ¢m¢srknmgsk 15, (5)  deed, along with a natural complex structure characterizing
the case
the first three currents are easily constructed isn 0
m
_ N = o J= —|, J¥?=-1, 12
G=(IT+ 033G ¥"=0, G=(IL,+ 13x"gen) 4" =0, ( 0 —ia;”) 12
J= ,/ﬁwngnﬁzo_ (6)  one can construct two real structures
As the metric carries one holomorphic index and one antiho- 0 Bnmg?m
lomorphic index, the change,,— e,/ —detg commonly S= S—— 0 '
accepted in real spaces does not yield a tensor field. Thus, in nmd
order to formulateJ®¥) and J® one is forced to introduce 0
into consideration a background two-for,,=(Bpm)* T B 1Bnmd
which reduces te,, in a flat limit. With this at hand one can —iB=——gMk 0 '
I nmg
set
=1, T?=1, (13

IV= Y B, IO =g Y B @)
o ) ) altogether forming a pseudoquaternionic algefimathis re-
Now it is important to notice that the nilpotency of the spect see also Reff27,28)
supersymmetry chardg holds only if the background metric

is Kahlerian ST=-TS=-J, TJ=-JT=S, JS=-SJ=T.
(14)
nImm~ ImInm=0,  InOmm— ImGmn=0. €S o , _
_ If the original flat metric were chosen in the form,,
This means, in particular, that the connectidifs, andI'*;;  =diag(+,+), an ordinary quaternionic algebra and hyper-
become symmetric and,,II;) in Eq. (6) above can be Kahler geometry would be reproduced in this way. Worth
reduced to p,,,pr)- mentioning also is that gpseudo hyper-Kanler space is au-

Finally, it is a matter of a straightforward although a bit tomatically Ricci flat. Indeed, it suffices to contract the inte-
lengthy calculation to verify that the entifé=4 supercon-  grability condition R By, — R nmpBks=0 with the tensor
formal algebra closes provided the remaining currents havg'PB;g"s, in order to getR,;=0.
the form

— — — - — Il. TREE-LEVEL QUANTUM CONSIDERATION
H=(IGg""+ d:X") ™Bpm,  H=(I1,g"™+d;x") "By,
We next wonder if the restrictions on background geom-
. — — — etry derived in the previous section allow one to construct a
T=2(IIy+ 31x°gpn) (T + 91x°gnp) g™ — (Y791 Y" guantum representation of a smbll=4 superconformal al-
gebra. By now only a perturbative technique is available, this
rO o ok appealing to the use of Riemann coordinatese, e.g., Ref.
TYod )gnn_i'/’ 91X Gk [29]). As the geometry characterizing the case is essentially
complex, the passage to Riemann coordinates should be re-
alized by a holomorphic transformati¢&0].

=
+ 59T Gk ©) Thus, instead of using a geodesic connecting an arbitrary
point and the origin one performs the following classical-
and the background two-form obeys the restrictions quantum splitting:
3Bnm=0, VByn=0. (10

1 —
X"=Xg+ &=y Ii(Xo,X0) £ME' = —V ol "mi(Xo,Xo) £PEME!
In checking the algebra the integrability conditions '
+...,
Ranska_ Rknmp =0, R nm<ka R nmﬂ?’ks 0,
11 axn

n—
prove to be helpful. In addition, one has to use the algebraigj EM
relationB,,Bs,9™°= g, which holds true for an irreducible . ] ) ) )
manifold [25]. This renders a background field expansion covariant with
Thus, in order to support a small=4 superconformal Fespect to holomorphic changes of coordinates. The covari-
algebra a background Kér manifold must admit a covari- ant derivative@p entering the last line acts only on lower
antly constant holomorphic two-form. As is well knoy26], indices and the fermionic field is taken to be purely quantum.
this reduces the holonomy group of a manifold to a subgroupt is assumed that the point lies in the normal neighborhood

A=A (X0 X)) EMN - (15)
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of the origin, ie., the exponentlal map frpm the_tangent G=(9x3+ VE) aaha+ - -,
space to the origin onto the neighborhood is the diffeomor-
phism. So, two geodesics passing through the origin do not
intersect in other points of the neighborhood.

In order to define quantum propagators, one then intro- -
duces a complex zweibei,® and represents the metric and I=NN gt -+, JW=NAN eyt - -,
the background two-form as follows:

G=(IXa+VEY) 7aaho+ - -,

- . ID=\\bet ..., (20)
Onn=€n°€n"Maa, Bnm=€n"€m €ap- (16) N . o
where V&= 9£3+ gxg o\3p€°, one can fix the remaining

It is assumed that the zweibein is covariantly constant angenerators
that the spin connection one-formsx"w,?,, dx"wy?,,

- . . — — 1 - —
dx"w,?,, dX"w,%, take values in the Lie algebisau(1,1) T=—(9x3+ VE)(IXE+VEN) oot E()\aV)\aur)\aV)\a) R
oNpNab T ONBTba=0,  wn"a= on"a=0, +)\§)\aaxngb Poat -
a a 1
wNCafcb_ chbeca:O! wNC;6£_ wNCEEE: 0. (17) H= ((7X8+V§a))\b€ b+ . ﬁ=(ax§+V§E))\EET, ..
a ’ al I
As the background metric is Hermitian it contains four real (21

dom and eiaht real components of the zweibein is brovide nd verify after a tedious calculation that the entire algebra
by the | QI]U 11 pf o’ 3= A2 P with ? oses. When checking the algebra divergent terms appear
y the localU(1,1) transformatiore,”=A".e, with four ~ \ynich are handled by dimensional regularizatidi

real parameters which leaves the metric invariant. Specifying Thus, at the tree level the only correction to the naive
a covariantly constant two-form as in E(L6) above, one decomp’osition of currents is given by the term
breaks the local(1,1) symmetry down t&U(1,1) and de- axagN,b . — which h ; | -
stroys the equilibrium. This can be reestablished by imposin% )‘. X0 Wa7ba WHICh enters the conformal generator
uriously enough, this breaks manifé$¢1,1) local invari-

one real equation ; X
d ance (for a related discussion see Rdfl] and Refs.
[31-34).

components. The balance between these four degrees of frif
I

detg = —Q(x)Q(x), (18
whereQ(x) is a fixed holomorphic function an@(x) is its V. CONCLUSION
complex conjugate. This is fully consistent with the Ricci = To summarize, in the present paper we considered a small
flatness of a background manifold becausR,, N=4 superconformal algebra in a curved space. Our analy-
=dydnin(detg,). In particular, takingl=1 one recovers sis reveals an interesting interplay between the maximally
the Plebanski equatiofil2] which implies also that locally extended superconformal algebra admitting unitary represen-
the background two-form is a constédifiir a related discus- tations and hyper-Kaer geometry. In particular, a covari-
sion see also Refl1]). antly constant holomorphic two-form which specifies the ho-
Redefining the quantum field§®=¢"e,®, A®=\"e,®,  lonomy group of a target manifold explicitly couples to the
one can further specify the propagaténe Wick rotate the superconformal currents. On the string theory side, our
temporal coordinate on the world sheet and go over to @nalysis suggests that the=4 topological formalism yields
complex plang the appropriate framework to keep the hypehka struc-
o _ o ture intrinsic to theN=2 quantum string manifest.
(£4(z,2) E&(w,w))=— 7 In(z—w)+In(z—w)], Although we did not try to systematically extend the
present consideration to the one-loop order and beyond, ac-
nZa cording to the analysis of Refgl1,14—16 no quantum cor-
i (19 rections to the equations specifying the background fields
=W will follow (see, however, Ref35]). It would be interesting

. to check this by explicit calculations. Preliminary consider-
With these at hand one can decompose the conformal Culying show, however, that a naive decompositiorGoin
rents in Riemann coordinates and evaluate operator pmd“ﬁiemann coordinates fails to yielG-G~0, so G itself
expansions perturbatively. Unfortunately, decomposing gens,,qid be modified appropriately. '
erators in this way one does not arrive at a closed algebra and

extra terms have to be added to the currents in order to close
the algebrd4. ACKNOWLEDGMENTS
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