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Making the hyper-Kähler structure of NÄ2 quantum string manifest
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We show that the Lorentz covariant formulation ofN52 string in a curved space reveals an explicit
hyper-Kähler structure. Apart from the metric, the superconformal currents couple to a background two-form.
By superconformal symmetry the latter is constrained to be holomorphic and covariantly constant and allows
one to construct three complex structures obeying a~pseudo!quaternion algebra.
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I. INTRODUCTION

One of the fascinating features of two-dimensional sup
conformal symmetry is that it relates string theory and
ometry. Consistent backgrounds where string theory m
propagate are identified with low lying string states either
analyzing one-loop divergences of the corresponding st
theory effective action@1–3#, or evaluating operator produc
expansions of superconformal currents in a curved space@4#,
or studying renormalization of the trace of the stress-ene
tensor@5#.

With the number of world-sheet supersymmetries gro
ing, one reveals more refined geometrical structures. In
ticular, N52 superconformal symmetry requires a Ricci-fl
Kähler space as a consistent background@6# which correlates
well with the sigma model analysis of Ref.@7#. Notice, how-
ever, that if one is concerned with superconformal algeb
admitting unitary representations, the restrictionN<4 on the
number of fermionic currents holds@8#. On the sigma mode
side the same bound follows from the requirement tha
target manifold is irreducible@7#.

String theory incorporatingN52 superconformal symme
try has the central chargeĉ52 and, hence, is critical in a
space of ultrahyperbolic signature (2,2,1,1) or in a four-
dimensional Euclidean space. Possessing intrinsic com
structure it breaks manifestSO(2,2) Lorentz invariance~for
reviews see, e.g., Refs.@9,10#!. As was demonstrated in Re
@11#, at the tree level the quantum dynamics ofN52 string1

is governed by the Plebanski equation@12# and the only
quantum state in the spectrum can be identified with
Kähler potential of a Ricci-flat Ka¨hler metric~self-dual grav-
ity!.

In fact, anyN52 superconformal theory withĉ52 re-
veals a higherN54 symmetry as the spectral flow operat
and its inverse can be taken to be the raising and lowe
operators of thesu(1,1) subalgebra of a smallN54 super-
conformal algebra~for details see, e.g., Ref.@13#!. Using this
observation Berkovits and Vafa demonstrated in Ref.@14#

*Electronic address: bellucci@lnf.infn.it
†Electronic address: galajin@mph.phtd.tpu.edu.ru
‡Electronic address: latini@lnf.infn.it
1Throughout the paper we discuss the closed string case.
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that the criticalN52 string can be embedded in a mo
universalN54 topological string framework. As there are n
N52 ghosts around@14#, N52 string scattering amplitude
can be reproduced in a much simpler way. Moreover, theN
54 topological prescription allows one to prove the vanis
ing theorems to all orders in perturbation theory, which o
erwise are extremely difficult to demonstrate@14–16#. For a
related work see Refs.@17,18#. Some recent applications ar
discussed in Ref.@19#.

Another appealing point concerning theN54 formalism
is that it allows one to keep manifestSO(2,2) Lorentz in-
variance, at least at the level of classical considerations
the global automorphism group of a smallN54 supercon-
formal algebra isSU(1,1)3SU(1,1)8.SO(2,2), the corre-
sponding string theory action functional is manifestly Lo
entz invariant@20#. It should be remembered, however, th
the classical Lorentz symmetry holds at the price of the fu
tional dependence of the currents providing a representa
of the N54 algebra@21,22#. In the quantum theory the to
pological prescription of Ref.@14# relies upon twisting the
N52 algebra by theU(1) current which amounts to choos
ing a specific complex structure in the twistor space of
complex structures,2 thus reducingSO(2,2) to U(1,1) and
reproducing the earlier results of Ref.@11#. Alternatively,
working within the framework of the old covariant quantiz
tion, one discovers that the Lorentz invariance of the bo
emission vertex proves to be incompatible with the causa
and cyclic symmetry of tree level scattering amplitudes@23#,
thus reproducing, once again, the result of Ooguri and V
@11#.

As was mentioned above, the closedN52 string requires
a Ricci-flat Kähler space as a consistent background. It
well known that in four dimensions the Ricci flatness of
Kähler manifold implies the hyper-Ka¨hler structure. Exhibit-
ing one complex structure in an explicit form the conve
tional formulation ofN52 string seems to hide two mor
complex structures. It is the purpose of this paper to m
the hyper-Ka¨hler structure intrinsic toN52 quantum string
in a curved space manifest. Making recourse to the equ
lent N54 topological formalism we demonstrate that, ap
from a background metric, the superconformal curre

2In addition, special care is to be taken of the instanton contri
tion to the partition function of theN54 topological theory@14#.
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couple to a background two-form. By superconformal sy
metry the latter is constrained to be holomorphic and co
riantly constant and allows one to construct the missing co
plex structures in an explicit form, thus demonstrating
advantage of working within the framework of theN54
formalism.

The organization of the work is as follows. In the ne
section we examine a smallN54 superconformal algebra i
a curved space at the classical level. A generalization of
Poisson bracket which is compatible with the minimal int
action criterion and Jacobi identities is given. Backgrou
fields which allow one to construct a representation of
N54 superconformal algebra in a curved space includ
Hermitian metric and a background two-form. We then sh
that the algebra closes under the Poisson bracket, prov
the background two-form is holomorphic and covarian
constant. Three complex structures obeying
~pseudo!quaternion algebra are given in an explicit form.
Sec. III we extend our analysis to the quantum theory a
construct a representation of the smallN54 superconformal
algebra in a curved space at the tree level. We summarize
results in the concluding Sec. IV.

II. CLASSICAL CONSIDERATIONS

Our classical analysis begins with the simplest repres
tation of d52, N54 superconformal algebra in a flat spa

T5 1
2 ~pbh āb1]1xā!~pā1]1xbhbā!

2
i

2
~ca]1c ā1c ā]1ca!haā ,

G5~pb̄h b̄a1]1xa!c āhaā ,

Ḡ5~pbh āb1]1xā!cahaā ,

H5~pb̄h b̄a1]1xa!cceac ,

H̄5~pbh āb1]1xā!c c̄e āc̄ ,

J5c ācahaā50, J(1)5cacceac , J(2)5c āc c̄e āc̄ .

~1!

This is constructed on a phase space spanned by a com
bosonxa(t,s), the conjugate momentumpa(t,s), and a
self-conjugate complex fermionca(t,s). We use the ordi-
nary Poisson bracket

$xa~s!,pc~s8!%5da
cd~s2s8!,

$xā~s!,pc̄~s8!%5d ā
c̄d~s2s8!,

$ca~s!,c c̄~s8!%5 ih c̄ad~s2s8!, ~2!

and conjugate on the cylinder as (xa)* 5xā, (ca)* 5c ā. In
the equation aboveeac is the Levi-Civita antisymmetric ten
sor eac52eca , e01521, (eac)* 5e āc̄ , and]15]/]s. We
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assume periodic boundary conditions for the bosonic fie
For the fermions one can choose theNSrepresentation due to
the spectral flow@24#.

Cancellation of the conformal anomaly in the quantu
theory requires a target space of two complex dimensio
Depending on the choice of the original flat metricds2

5haādxa
^ dxā, in real coordinates one reveals either a fo

dimensional Euclidean space or a space of ultrahyperb
signature. In this paper we stick to the latter option a
henceforward puthaā5diag(2,1), a,ā50,1.

Passing to a curved space3 @with metric gn̄n(x,x̄)], first
one has to decide which bracket to use. A bracket wh
respects Jacobi identities and is compatible with the minim
interaction criterion can be constructed by going to a lar
phase space which involves two canonical pairs (cn,pn),
(c n̄,p n̄) and imposing there two second class constraints

pn1
i

2
c n̄gnn̄50, p n̄1

i

2
cngnn̄50. ~3!

These remove the auxiliary fields (pn ,p n̄) and leave one
with the Dirac bracket

$xN~s!,pM~s8!%5dN
Md~s2s8!,

$cn~s!,c n̄~s8!%5 ign̄nd~s2s8!,

$pN~s!,cm~s8!%5 1
2 ck]Ngks̄g

s̄md~s2s8!,

$pN~s!,cm̄~s8!%5 1
2 c k̄]Ngsk̄g

m̄sd~s2s8!,

$pN~s!,pM~s8!%5
i

2
ckc k̄gs̄s] [Ngks̄]M ]gsk̄d~s2s8!,

~4!

where N is a collective index for (n,n̄) and A[NBM ]
5 1

2 (ANBM2AMBN). Because theN54 algebra in a flat
space is essentially complex it seems natural to preserve
complex structure when switching an external field on. Th
we take the background metric to be Hermitiangnm5gn̄m̄
50, (gnm̄)* 5gmn̄ .

Then one has to couple the generators to backgro
fields. Taking into account commutation relations charac
izing theN54 superconformal algebra~we use the notation
in Ref. @23#! it suffices to fixG,Ḡ and theR-symmetry gen-
eratorsJ,J(1),J(2).

Assuming the coupling to be minimal (]acn→¹acn

5]acn1]axpGn
psc

s)

pn→pn1
i

2
cm̄csGk

nsgkm̄[Pn ,

3Our convention is to usea, b, c indices for the flat case andk, n,
m ones in the presence of a nonvanishing curvature.
3-2
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pn̄→pn̄2
i

2
cm̄csG k̄

n̄m̄gsk̄[P n̄ , ~5!

the first three currents are easily constructed

G5~P n̄1]1xngnn̄!c
n̄50, Ḡ5~Pn1]1xn̄gnn̄!c

n50,

J5c n̄cngnn̄50. ~6!

As the metric carries one holomorphic index and one anti
lomorphic index, the changeenm→enm /A2detg commonly
accepted in real spaces does not yield a tensor field. Thu
order to formulateJ(1) and J(2) one is forced to introduce
into consideration a background two-formBnm5(Bn̄m̄)*
which reduces toenm in a flat limit. With this at hand one can
set

J(1)5cncmBnm , J(2)5c n̄cm̄Bn̄m̄ . ~7!

Now it is important to notice that the nilpotency of th
supersymmetry chargeG holds only if the background metri
is Kählerian

]ngmm̄2]mgnm̄50, ] n̄gmm̄2]m̄gmn̄50. ~8!

This means, in particular, that the connectionsGk
np andG k̄

n̄p̄
become symmetric and (Pn ,P n̄) in Eq. ~6! above can be
reduced to (pn ,pn̄).

Finally, it is a matter of a straightforward although a b
lengthy calculation to verify that the entireN54 supercon-
formal algebra closes provided the remaining currents h
the form

H5~P k̄g
k̄n1]1xn!cmBnm , H̄5~Pkg

n̄k1]1xn̄!cm̄Bn̄m̄ ,

T5 1
2 ~P n̄1]1xpgpn̄!~Pn1]1xp̄gnp̄!g

n̄n2
i

2
~cn]1c n̄

1c n̄]1cn!gnn̄2
i

2
c n̄cn]1xpGk

npgkn̄

1
i

2
c n̄cn]1xp̄G k̄

n̄p̄gnk̄ ~9!

and the background two-form obeys the restrictions

] k̄Bnm50, ¹kBnm50. ~10!

In checking the algebra the integrability conditions

Rk
nm̄sBkp2Rk

nm̄pBks50, Rk̄
n̄ms̄Bk̄p̄2Rk̄

n̄mp̄Bk̄s̄50,
~11!

prove to be helpful. In addition, one has to use the algeb
relationBn̄m̄Bspg

m̄s5gpn̄ which holds true for an irreducible
manifold @25#.

Thus, in order to support a smallN54 superconformal
algebra a background Ka¨hler manifold must admit a covari
antly constant holomorphic two-form. As is well known@26#,
this reduces the holonomy group of a manifold to a subgr
02401
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of SU(1,1) which implies a pseudo-hyper-Ka¨hler space. In-
deed, along with a natural complex structure characteriz
the case

J5S idm
n 0

0 2 idm̄
n̄D , J2521, ~12!

one can construct two real structures

S5S 0 Bnmgk̄m

Bn̄m̄gm̄k 0
D ,

T5S 0 iBnmgk̄m

2 iBn̄m̄gm̄k 0
D ,

S251, T251, ~13!

altogether forming a pseudoquaternionic algebra~in this re-
spect see also Refs.@27,28#!

ST52TS52J, TJ52JT5S, JS52SJ5T.
~14!

If the original flat metric were chosen in the formhnn̄
5diag(1,1), an ordinary quaternionic algebra and hype
Kähler geometry would be reproduced in this way. Wor
mentioning also is that a~pseudo! hyper-Kähler space is au-
tomatically Ricci flat. Indeed, it suffices to contract the int
grability conditionRk

nm̄sBkp2Rk
nm̄pBks50 with the tensor

gl̄ pBl̄ r̄g
r̄ s, in order to getRnn̄50.

III. TREE-LEVEL QUANTUM CONSIDERATION

We next wonder if the restrictions on background geo
etry derived in the previous section allow one to construc
quantum representation of a smallN54 superconformal al-
gebra. By now only a perturbative technique is available, t
appealing to the use of Riemann coordinates~see, e.g., Ref.
@29#!. As the geometry characterizing the case is essenti
complex, the passage to Riemann coordinates should b
alized by a holomorphic transformation@30#.

Thus, instead of using a geodesic connecting an arbit
point and the origin one performs the following classic
quantum splitting:

xn5x0
n1jn2

1

2!
Gn

ml~x0 ,x̄0!jmj l2
1

3!
¹̂pGn

ml~x0 ,x̄0!jpjmj l

1•••,

cn5
]xn

]jm
lm5ln2Gn

ml~x0 ,x̄0!jml l1••• . ~15!

This renders a background field expansion covariant w
respect to holomorphic changes of coordinates. The cov

ant derivative¹̂p entering the last line acts only on lowe
indices and the fermionic field is taken to be purely quantu
It is assumed that the point lies in the normal neighborho
3-3
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of the origin, i.e., the exponential map from the tange
space to the origin onto the neighborhood is the diffeom
phism. So, two geodesics passing through the origin do
intersect in other points of the neighborhood.

In order to define quantum propagators, one then in
duces a complex zweibeinen

a and represents the metric an
the background two-form as follows:

gnn̄5en
aen̄

āhaā , Bnm5en
aem

beab . ~16!

It is assumed that the zweibein is covariantly constant
that the spin connection one-formsdxnvn

a
b , dxn̄v n̄

a
b ,

dxnvn
ā

b̄ , dxn̄v n̄
ā

b̄ take values in the Lie algebrasu(1,1)

vN
a

bhab̄1vN
ā

b̄hbā50, vN
a

a5vN
ā

ā50,

vN
c
aecb2vN

c
beca50, vN

c̄
āe c̄b̄2vN

c̄
b̄e c̄ā50. ~17!

As the background metric is Hermitian it contains four re
components. The balance between these four degrees of
dom and eight real components of the zweibein is provid
by the local U(1,1) transformationen8

a5La
ben

b with four
real parameters which leaves the metric invariant. Specify
a covariantly constant two-form as in Eq.~16! above, one
breaks the localU(1,1) symmetry down toSU(1,1) and de-
stroys the equilibrium. This can be reestablished by impos
one real equation

detgnn̄52V~x!V̄~ x̄!, ~18!

whereV(x) is a fixed holomorphic function andV̄( x̄) is its
complex conjugate. This is fully consistent with the Ric
flatness of a background manifold becauseRnn̄
5]n] n̄ln(detgmm̄). In particular, takingV51 one recovers
the Plebanski equation@12# which implies also that locally
the background two-form is a constant~for a related discus-
sion see also Ref.@11#!.

Redefining the quantum fieldsja5jnen
a , la5lnen

a ,
one can further specify the propagators~we Wick rotate the
temporal coordinate on the world sheet and go over t
complex plane!

^ja~z,z̄!j ā~w,w̄!&52h āa@ ln~z2w!1 ln~ z̄2w̄!#,

^la~z!l ā~w!&52
h āa

z2w
. ~19!

With these at hand one can decompose the conformal
rents in Riemann coordinates and evaluate operator pro
expansions perturbatively. Unfortunately, decomposing g
erators in this way one does not arrive at a closed algebra
extra terms have to be added to the currents in order to c
the algebra@4#.

At the tree level a necessary modification is prompted
the algebra itself. In particular, taking the linear approxim
tion for G,Ḡ and theR-symmetry generators~here we denote
]x0

a5]x0
nen

a)
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G5~]x0
a1¹ja!haāl

ā1•••,

Ḡ5~]x0
ā1¹j ā!haāl

a1•••,

J5l ālahaā1•••, J(1)5lalbeab1•••,

J(2)5l āl b̄e āb̄1•••, ~20!

where ¹ja5]ja1]x0
NvN

a
bjb, one can fix the remaining

generators

T52~]x0
a1¹ja!~]x0

ā1¹j ā!haā1
1

2
~l ā¹la1la¹l ā!haā

1l āla]x0
NvN

b
ahbā1•••,

H5~]x0
a1¹ja!lbeab1•••, H̄5~]x0

ā1¹j ā!l b̄e āb̄1•••,

~21!

and verify after a tedious calculation that the entire alge
closes. When checking the algebra divergent terms ap
which are handled by dimensional regularization@4#.

Thus, at the tree level the only correction to the na
decomposition of currents is given by the ter
l āla]x0

NvN
b

ahbā which enters the conformal generatorT.
Curiously enough, this breaks manifestU(1,1) local invari-
ance ~for a related discussion see Ref.@1# and Refs.
@31–34#!.

IV. CONCLUSION

To summarize, in the present paper we considered a s
N54 superconformal algebra in a curved space. Our an
sis reveals an interesting interplay between the maxim
extended superconformal algebra admitting unitary repres
tations and hyper-Ka¨hler geometry. In particular, a covar
antly constant holomorphic two-form which specifies the h
lonomy group of a target manifold explicitly couples to th
superconformal currents. On the string theory side,
analysis suggests that theN54 topological formalism yields
the appropriate framework to keep the hyper-Ka¨hler struc-
ture intrinsic to theN52 quantum string manifest.

Although we did not try to systematically extend th
present consideration to the one-loop order and beyond,
cording to the analysis of Refs.@11,14–16# no quantum cor-
rections to the equations specifying the background fie
will follow ~see, however, Ref.@35#!. It would be interesting
to check this by explicit calculations. Preliminary conside
ations show, however, that a naive decomposition ofG in
Riemann coordinates fails to yieldG•G;0, so G itself
should be modified appropriately.
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